IJESRT: 10(3), March, 2021 ISSN: 2277-9655

International Journal of kngineering Sciences & Research
Technology

(A Peer Reviewed Online Journal)
Impact Factor: 5.164

Chief Editor Executive Editor
Dr. J.B. Helonde Mr. Somil Mayur Shah

Website: Mail:




:_E THOMSOMN REUTERS
ISSN: 2277-9655
[Ponsuryadevi et al., 10(3): March, 2021] Impact Factor: 5.164
IC™ Value: 3.00 CODEN: IJESS7

= JESRT

INTERNATIONAL JOURNAL OF ENGINEERING SCIENCES & RESEARCH
TECHNOLOGY
ON T-GENERALIZED PRE CONTINUOUS MULTIFUNCTIONS IN
TOPOLOGICAL SPACES
A. Ponsuryadevi' & R. Selvi®
'"Research Scholar, Department of Mathematics, Sri Parasakthi College for Women, Courtallam, India
Affiliated to Manonmaniam Sundaranar University, Tirunelveli.
2 Assistant Professor, Department of Mathematics, Sri Parasakthi College for Women, Courtallam,
India Affiliated to Manonmaniam Sundaranar University, Tirunelveli.

DOI: https://doi.org/10.29121/ijesrt.v10.13.2021.9

ABSTRACT
In this paper, we introduce the concept of T*-generalized pre continuous multifunctions in topological spaces and
study some of their properties where T* is defined by T = {G: cI*(G®) = G}
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1. INTRODUCTION

It is well known that various types of functions play a significant role in the theory of classical point set topology.
A great number of papers dealing with such functions have been extended to setting of multifunctions. Both
functions and multifunctions are important tools for studying the properties of spaces and for constructing new
spaces from previously existing ones. Many authors have introduced and studied several stronger and weaker
forms of continuous functions and multifunctions.  In 1970, Levine[7] introduced the concept of generalized
closed sets as a generalization of closed sets in topological spaces. Using generalized closed sets, Dunham [4]
introduced the concept of the closure operator CI* and a new topology t* wheret" is defined by t* =
{G: cI"(G®) = G°} and studied some of their properties.

Multifunctions play a dominant role in topology and in set valued analysis, By a multifunction F: (X, T) - (Y, 0),
we mean a point to set correspondence from (X, 1) into (Y, o) with F(x) # ¢, for all xeX. For a multifunction
F: (X, ") = (Y,0),let F*(B) = {xeX: F(x) € B} and F~(B) = {xeX: F(x) N B # @} where F*(B) and F~(B)
denote the upper and lower inverse of a subset B of Y respectively. In particular F~(y) = {xeX: yeF(x)} for each
point yeY for each A € X, F(A) = Uya FX).

In this paper, we introduce and study the concept of Generalized Pre continuous multifunctions in the Topological
spaces (X, T), throughout this paper T* is defined by T = {G: cI*(G®) = G}

2. PRELIMINARIES
Definition: 2.1
Let A be a subset of a topological space X. Then A is called Pre-open if A € int Cl (A))) and Pre-closed if
Cl(int(A))) € A. [8]

Definitions : 2.2:
A subset A of a topological space (X, 1) is called Generalized closed (briefly g-closed), if C1 (A) S G whenever
A C GandGisopenin X.[7]

Definitions : 2.3:
Strongly generalized closed (briefly strongly g-closed, if cl( A) € G, whenever A € G and G is semi open in X.[11]
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Definitions : 2.4:
Generalized pre closed (briefly gp-closed), if Clp( A)) € G whenever A € G and G is open.[6]

Definition : 2.5:
For the subset A of a topological space X, the generalized closure operator cl* is defined by the intersection of all
g-closed sets containing A.[4]

Definition:2.6:
For the subset A of a topological space X, the topology t* is defined by , t* = {G: cl*(G%) = G®}.[4]

Definition: 2.7:

A subset A of a topological space X is called t*-generalized closed set (briefly T -gclosed).If Cl*(A) € G
whenever A € G and G is T*-open. The complement of t* - generalized closed set is called T* -generalized open
(briefly t*-gopen).[10]

Definition: 2.8:

A subset A of a topological space X is called t*-generalized pre closed (briefly t*- gp closed). If cI*(Clp(A) € G
whenever A € G and G is T*-open. The complement of t*-generalized pre closed set (briefly T -gp closed) is
called the t*-generalized pre open set (brieflyt*-gp open).[1]

Definition: 2.9:
A function F: X — Y from a topological space X into a topological space Y is called Pre continuous if the inverse
image of an open set Y is pre open in X.[8]

Definition: 2.10:
A function F: X — Y from a topological space X into a topological space Y is called g-continuous if the inverse
image of a closed set in Y is g- closed in X.[3]

Definition: 2.11
A function F:(X,1)—(Y,0) is called gp-continuous if f~1(v) is a gp-closed in (X,t) for every closed set V of
(Y,0).[2]

Definition: 2.12
A function F: X = Y from a topological space X into a topological space Y is called T"-gcontinuous if the inverse
image of a g-closed set in Y is T*-gclosed in X. [5]

Definition: 2.13
A function F: X — Y from a topological space X into a topological space Y is called t*-gp continuous if the inverse
image of every gp-open set in Y is T*-gopen in X.

Lemma: 2.14 [9]

For a multifunction F: (X, T) — (Y, 0), the following hold:

(i) G} (AXB) = A N F*(B),

(ii)Gf (AXB) = AN F~(B), for any subsets A € Xand BC Y.

3. GENERALIZED PRE-CONTINUOUS MULTIFUNCTION

3.1 Definition
A multifunction F: (X, t*) — (Y, 0) is said to be
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(i) Upper t* -generalized pre continuous if for each point x € X and open set V' containing F(X) , there
exist 7* -generalized pre open set U of X containing x such that F(U) € V
(i) Lower t* -generalized pre continuous at x € X if for each open set V of Y such that F(x)NV # ¢,
there exists 7*-gp open set U of X containing x such that F(U)NV # ¢ for every u € U.
(iii) Upper (Lower) 7*-gp continuous if F has this property at each point of X.

Theorem :3.2  For a multifunction F: (X, t*) - (Y, o) the following statements are equivalent

(i) F is upper t*-gp continuous;

(i) F*(V)e *-gp0O(X) for any opensetV of Y ;

(iii) F~(V)e t*-gp closed in X for any closed setV of Y ;

(iv) t*-cl* F~(B)) € F~(cl(B)) foranyB c Y

(v) For each point x € X and each neighbourhood V of F(x), F* (V) is an t* -generalized neighbourhood of x ;
(vi) For each pointx € X and each neighbourhood V of F(x) ,there exists 7* -gp neighbourhood U of x
such that F(U) c V;

Proof :

(iy = (ii) Let V. be any open set of Y and x € F*(V).There exists, U € 7*-gp(X, x), such that F(U) c
V.Herewe obtain x € U, 7* -gpcl(U) € t* -gpcl F*(V)we have F*(V) c t*-gpcl F*(V)) and hence
F*(V) € t*-gp open.

(ify= (iii ) Let G be any openset of X. ThenY — G is closed setin Y, From (i) F*(X —G) =X — F (G)
is t*-gp open set in X and hence F~(G) is 7*-gp closed setinY.

(iify = (iv) For any subset B of Y, cl(B) is closed in Y and F~(cl(B))ist* -gp closed in Y, therefore t*
-gpcl (F~(B) c F~(cl(B)).

(iv) = (iii) Let V be any closed set of Y. Then we have 7*-gpcl (F~(V)) € F~(cl(V)) = F~(V). Hence
F=(V) ist"-gp closed in X.

(i) = (v) Let x € X and V be a neighbourhood of F(x). There exist an open set G of ¥ such that F(x) € G C
V, we obtainx € F*(G) € 1*-gpO(X), F*(G), F'(G) is an t* -gp neighbourhood of x .

(v)=> (vi) Let x € Xand V be a neighbourhood of F(x) . Put U=F*(V) , then U is an t*-gp
neighbourhood of x and F(U) c V.

(vi)== (i) Letx € X and V be any open set of Y such that F(x) c V. Then V is a neighbourhood of F(x).
There exist an 7*-gp neighbourhood U of x such that F(U) c V, therefore there exist an 7*-gpO (X) such
that x € Ac U and hence F(4A) c V.

Theorem :3.3
The multifunction F: (X, t* ) —* (Y ,0 ) is upper t*-gp continuous if and only if for all open set of
Y,F*(A)is openin X.

Proof:

Let A beanopensetof Y and x € F*(A) . Since F is upper T*-gp continuous. There exist a T*-gp open set
U ofx, suchthat F(U) € A, then F*(A)is openinX. Suppose F*(A)is open, Letx € F*(A),then F*(4) =
{x € A:F(X) € A}. Hence F is T*-gp upper continuous.
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Theorem : 3.4

Let X = G, U G, where G, and G, are t"-gp closed setinX .Let F:G; » Y, F: G, > Y beupper 7°-gp
) _ ) _(F)ifxeG

continuous. If F(x) = G(x) foreach x € G; UG,. ThenH: G, UG, —» Y such that H = {G(x) if x€G,

is upper T*-gp continuous.

Proof:

Let A be an opensetinY, clearly H*(A) = F*(4) U G*(A). Since F is upper t*-gp continuous, F*is 7*-
gpopeninG, . But G; is 7°-gp openin X. Therefore F*(A) is t*-gp openin X .Similarly G*(4) is t*
-gp open in G, and hence T*-gp open in X. Since union of T*-gp open sets is T*-gp open, so that H*(A) =
F*(A)UG*(A) is T°-gpopeninX .Hence H isupper T*-gp continuous.

Theorem: 3.5

Let F: (X,7*) - (Y,0) and G: (Y, 0) = (Z,1) be multifunctions. If F: (X,t*) - (Y, o) is upper T* -generalized
pre continuous and G:(Y,0) — (Z,7n) is upper continuous, then FoG:X — Zis upper t* -generalized pre
continuous.

Proof:

LetV be any open subset of Z using the definition of GoF, We obtain (GoF)*(V) = F* (G+ (V)) Since G is
upper continuous, it follows that G*(V) is an open set. Since Fis upper t*-generalized pre
continuous, F* (G + (V)) is an T* -generalized pre open set. Hence GoF is upper t* -generalized pre continuous
multifunctions.

Theorem: 3.6
Let F: (X,7*) - (Y,0) be a multifunction such that F(X) is compact for each xeX. Then F is upper * -
generalized pre continuous if and only if Gz: X — X X Y is upper t* -generalized pre continuous.

Proof:

suppose that F: X — Y isupper t* -generalized pre continuous. Let xeX and H be any open set of X X Y containing
Gr(x). For each yeF(X), there exist an open sets U(y) € X and V(y) c Y such that (x,y) € U(y) xV(y) c
H.The family of a {V(y):y € F(x)} is an open cover for F(x) and F(x) is compact. Therefore, there exist a finite
number of points, says, ¥;,V, ...V, in F(x).Suchthat F(x) c U{V(yi):1<i<n}. SetU=n{U(yi):1<i<
n}andV = U(yi): 1 < i < n}. Then U and V are open in X and Y, respectively and {x} X F(x) c U XV c H.
Since F is upper 7" -generalized pre continuous, such that F(V,) c V. By lemma, 2.14 we have UNU, c U N
F=(V) = G# (U x V), Here we obtain UNU, € t*-gpO(X,x) and Gz (UN U,) c H. This shows that G is
upper t"-generalized pre continuous. Assume that G: X — X X Y is upper t°-gp continuous. Let x € X and V be
any open set of Y containing F(x). Since X X V is open in X X Y and Gp(x) € X X V, there exists U € 7*-
gpO(X, x) such that Gz (U) c X x V. Therefore, by lemma 2.14, we have U < G# (X x V) = F* (V) and hence
F (U) c V . This shows that F is upper t*-gp continuous.

Theorem: 3.7
Suppose that (X, ), (Y, o), (Z,n) are topological spaces and F;: X — Y, F,: X = Z are multifications. Let
F, X F,: X - Y X Z be a multifunctions which is defined by (F; X F,)(X) = F,(X) X F,(X) for each
x € X. If F; X F, is an upper 7*-gp continuous multifunctions then F;, and F, are upper 7*-gp continuous
multifunctions.

Proof:
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Let x €X and let K Y and H € Z open sets such that x € F* (K) and x € F* (H) and F;(X) X F,(X) =
F; XF,(X) SKxH. We have x €(F, X F,)*(K x H). Since F; X F,is an upper T*-gp continuous
multifunctions.

There exist a T*-gp open set U containing x, such that U € (F,; X F,)* (K x H). We obtain that U € F* (K)
and U € F* (H). Hence F; and F, are upper 7*-gp continuous multifunctions.

Theorem: 3.8
Let: (X, ") — (Y, 0), be upper t*-gp continuous and Y € Z. If Y is closed subset of a topological space Z then
F is upper T*-gp continuous.

Proof :

Let K be any closed set in Z. Then KNY is closed in Z, it is closed in Y. Since F is upper t*-gp continuous.
F*(XNY) is t*-gp closed in X. But F(x) € Y for each x € X, and thus F* = F* (KNY) is t*-gp closed
subset of X. Hence F is upper t*-gp continuous.

Theorem: 3.9
If F: (X, 1)~ (Y, o) is upper t*-gp continuous and 4 is 7*-gp closed set in X, then F;: A — Y is upper 7*-
gp continuous.

Proof :

Let K be a closed set in Y. Since F is upper t*-gp continuous, and then F* (B) is t*-gp closed in X. If
F* (B)NA=A, is t*-gp closed in X. Here the intersection of two 7*-gp closed is T*-gp closed. But F;(B) =
A, then A, is T*-gp closed in A. Hence F, is upper t*-gp continuous.

Theorem:3.10

For a multifunction F: (X, t*) = (Y, o) the following statements are equivalent

(i) Fis lower 7-gp continuous;

(i1) For each x € X and for each t*-gp open set V with F(x) € V # @ there exista U € t* -gpO(X, x)such that
if yeU,then F(x) NV = Q.

(iii) F~ (V) € t* -gpO(X) for anyt*-gp opensetV c Y

(iv) F*(W) € t* -gpC(X) for anyt*-gp closed set W c Y

(V) T*-gpcl [F*(G) c F*[1* -gpcl(G)] for every subset G of Y.

Proof:

(= (iHLet x € X and V bethe 7*-gp openset with F(x) NV # ¢ . Since F is lower 7*-gp continuous
multifunction, there exist a U € 7* -gpO(X, x)such thatif y € U,F(y) €V # ¢.

()= (iii)Let x€ X and G bea t*-gp open set of Y such thatx € F~(G) By(i) there exista U, € t*
-gpO(X, x)such that U, € F~(G) . Therefore, we have F~(G) = Uyer-) Uy and hence F~(G) € 7*-
gpO(X).

(iii y=> (i) LetV € t*-gpO(Y)andx € F~ (V). By(iii)F~ (V) € t* -gpO(X) Taking U = F~ (V) we obtain U <
F-().

(iii)y=(iv) Let us consider t*- gpcl(Y). Then Y — W is € t*-gp open set of Y By (iii) F~ (Y — W) € 7*-
gpO(X)Since F~(Y — W) = X — F*(W). Hence F* (W) € t*-gpcl(X)

(iv) )=(iii) The proof is similar,

(iv)=>(v) For any subset G of Y, 7*- gpcl(G)is t*-gp closed inY and then F*[t*- gpcl(G)]is T* -gp closed in
X. Hence, T* -gpcl[F*(G)] € F*[t*-gpcl(G)]

(v) =(iv) Let W be any t* -gp closed setin Y. Then t* -gpcl[F*(W)] € F*[t*- gpcl(W)]and hence F* (W)
isat” -gp closed setin X.
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Theorem: 3.11
The multifunction F: (X, 7*) = (Y,0) is Lower 7* -gp continuous if and only if for all open set of Y ,
F~(A)isopeninX .

Proof:

Let A beaopensetofY and x € F~(A). Since F is lower 7 -gp continuous. There exist at* -gp open
set U of x, suchthat F(U)NA # @. Every u € U then F~(4) is openin X. Suppose F~(A)is open, Let
X €F~(A),thenF~(4A) ={x € X:F(X) N A # 0}. Hence F ist* -gp lower continuous.

Theorem: 3.12
A multifunction F: (X, t*) — (Y, 0)is lower t* -gp continuous multifunction if and only if G;:X —
X XY islower t* -gp continuous.

Proof :

Suppose that F: (X, %) = (Y, 0) is lower 7* -gp continuous. Let x € X and H be any open set of
X XY such that,x € Gz (H) since H N ({x} X F(x)) # @ there exist y € F(x) such that (x,y) € H and
hence (x,y) eU XV € H) for some open sets US X&V €Y,Since F(x)NV #@ , there exist
a Uy € t°-gpO(X,x) such that U, c F-(v) By lemma 214, we have , UNU,cUNF (v) =
GF(UxV)c Gz (H ) Moreover, xeUNU, € 7*-gp0O(X, t*) and hence Gp are lowert* -gp
continuous. Assume that G is lower t* -gp continuous let x € X and V be open set of Y, such that
x €EF (). ThenX xV isopenin X XY and Gz (x) N (X x V) = ({x} xF(x)) NXxV)={x}xFxn
V) # @ Since G islower " -gp continuous, there exist U € 7*-gpO(X, x) such that U c Gz (X X V).
By lemma 2.14, we obtain U c F~ (V). This shows that, F is lower t* -gp continuous.

Theorem: 3.13

Let F: (X,7*) » (Y,0) and G: (Y, 0) = (Z,1) be multifunctions. If F: (X,7*) - (Y, o) is lower T* -generalized
pre continuous and G: (Y, o) — (Z,n) is lower continuous, then FoG: X — Z is lower T* -generalized pre
continuous.

Proof:

Let V be any open subset of Z. Using the definition of GoF, We obtain (GoF)~ (V) = F~ (G‘ (V)) Since G is
lower continuous, it follows that (G‘ (V)) is an open set. Since Fis lower t*-generalized pre
continuous, F~ (G‘ (V)) it is T -gp open set, and hence GoF islower t* -generalized pre continuous
multifunctions.
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